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A simple graph-theoretic proof is given for a theorem about permutations which 
was obtained by R. Ree with the aid of Riemann surfaces. With an additional 
hypothesis, we also improve Ree’s inequality. 
In [2] Rimhak Ree utilized the Riemann-Hurwitz formula for the genus of 
a Riemann surface to prove a theorem about permutations; and he asked 
whether his result could be obtained without appealing to surface topology. 
Recently, Feit, Lyndon, and Scott [1] supplied a permutation-theoretic proof. 
Avoiding the notion of a Riemann surface, we give a simple graph-theoretic 
proof of Ree’s theorem, and we show how, with an additional hypothesis, to 
$nprove Reefs inequality. 
Let Q be a set of y1 symbols. If v is a permutation of J2 which is the 
m-oduct of e disjoint cycles of lengths I 1 ,..., I,, we set ~$77) = (/, - 1) + 1.. + 
(l, - 1). It is also convenient to let a(w) denote the cycle of r to which w E Q 
belongs. We have the following: 
THEOREM OF RIMHAK REE. Let z-1 ,..., vt be permutations of B which 
satisfy 7rl ... TV = 1 and which generate the group G. Ifs is the number of 
G-orbits of /ii?, then v(z-~) + ... + u(rt) > 2(n - s). 
Proof. Since n = zQrle) + e, for each k, we may write zl(7rJ + ... + 
~(74 = n - (n + e, + ... + et - nt). We construct a graph I’ with Euler 
characteristic x(r) = n + e, + . . . + e, - nt = s - b, where s is the number 
of path components of I’ and b is the number of linearly independent circuits 
in I’. Our proof is completed by proving that b > n - s. 
The vertices of r consist of the n symbols belonging to Q and e, additional 
vertices, each corresponding to a cycle of rlc , for k = l,..., t. Oriented edges 
join each of these additional vertices to the elements of 8 belonging to the 
corresponding cycle. Clearly, x(r) = y1 + e, + ... -+ e, - nt, and the 
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number of connected components, s, of I’ equals the number of G-orbits of 
52. 
Sincengr, **. wt = 1, for each w o Q we obtain a circuit 
by successively traversing the unique edge of r joining the indicated vertices. 
No edge of r can appear in more than two of these circuits; and if an edge 
appears in two such circuits it will be traversed in opposite directions by 
them. Let w1 ,..., w, constitute a G-orbit of Q. It follows that the only pos- 
sible linear relations between h(w3,. . ., h(o,) are consequences of the equation 
A&) + .*. + h(w,) = 0; therefore we have at least P - 1 independent 
circuits. Since circuits belonging to distinct path components are linearly 
independent, it follows that b > n - s. 
Remark. The inequality u(z-J + a*= + u(z-$) 2 rr - s is immediate from 
the existence of the graph r, even without the hypothesis Z-, ... rrt = 1, 
because b > 0 for any graph. Ree observed this result as Corollary I of his 
theorem. 
Two simple observations allow us to sharpen Ree’s inequality when infor- 
mation about the cycle structure of some of the 7~~ is available. First, we note 
that .I’ is a bipartite graph whose vertices are partitioned into two sets: one of 
these is Sz and the other consists of the e, + -0. + e, vertices corresponding 
to the cycles of 7rti, k = l,..., t. Next, we let R denote the Riemann surface 
of genus g employed by Ree and observe that I’ is the l-skeleton of a cellular 
decomposition of R. Now, suppose for example that (1 2 3), (1 3 2 4), and 
(1 2 3 7) appear in the respective disjoint cycle decompositions of r1 9 7rz, 
and n-3 . It follows that r contains the complete bipartite graph KS,8 as a sub- 
graph and is therefore nonplanar. Next, we follow Ree and apply the 
Riemann-Hurwitz formula [2,3] to obtain a(~~) + ... + v(v*) = 2rz - 2 + 
2g; but since g >, 1 we have the strengthened inequality v(gl) + a** + 
u(z-J > 2n. This example leads to the following: 
THEOREM. Let ql,..., riTt be permutations of 9 which generate a transitive 
group G and satisfy rrl ..* rt = 1. Moreover, suppose there are elements 
oj E !2,j = l,..., r, r > 2 and indices ii, , k = l,..., s, s > 3, such that for altj 
and k the symbol wj belongs to the cycle of miip containing w1 . Then 
4%) + *** + v(nt) > 2n - 2 + (r - l)(s - 1) - h, 
where h is the number of elements of (q ,..., c+> which arefixed by all rr, # 
hy.., ni,>. Of course, h < r. 
Proof. Clearly r contains the complete bipartite graph K,,, as a sub- 
graph; and it is well known [4] that K,,, has precisely (r - l)(s - 1) linearly 
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&dependent circuits. To determine when. one of these circuits coincides. with 
one of the circuits X(w) introduced in our proof of Ree’s theorem, we observe 
that z1 assumes the same value on conjugate permutations and we may there- 
fore rearrange the product 7~~ *=a rTTt so that vi2 = rrlc , k = I,..., s. Now, it is 
clear that X(q) is reducible to a circuit in K,,, if and only if 1 <.j < r and 
q&) = oj , k = 1 + s ,..., t. This completes our proof. 
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